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Resumen
En el presente trabajo se realiza un estudio detallado del sector escalar para modelos con
simetŕıa gauge SU(3)c ⊗ SU(4)L ⊗ U(1)X (modelos 3-4-1), en los que la cancelación de
anomaĺıas se da entre familias y los cuales contienen sólo part́ıculas con cargas eléctricas
ordinarias. Para cada uno de los posibles modelos que satisfacen dichas restricciones, se
muestra que es necesario, como mı́nimo, un conjunto de tres 4-pletes de Higgs con el fin de
romper de manera apropiada la simetŕıa y obtener los 15 bosones de Goldstone requeridos.
Una vez especificado el sector escalar se hace énfasis, para cada modelo, en el análisis del
espectro de masas tanto para los campos escalares como para los bosones de gauge. Se estu-
dian también los acoples de los escalares neutros ligeros con los bosones de gauge con el fin
de establecer cuál de ellos puede identificarse con el Higgs del modelo estándar. Se plantean,
además, los lagrangianos de Yukawa para la generación de masa en el sector fermiónico. El
estudio de mecanismos de generación de masas para algunos fermiones ordinarios que pueden
quedar sin masa a nivel árbol se deja para un trabajo posterior.
Palabras clave: Extensiones del Modelo Estándar; Interacción Eletrodébil; Sector Escalar.
Abstract
In this work, a detailed study of the scalar sector for models with SU(3)c⊗SU(4)L⊗U(1)X
gauge symmetry (3-4-1 models) is presented. We restrict ourselves to models in which the
anomaly cancellation occurs among families and there are no exotic electric charges. For
each possible model, we show that a minimum of three Higss 4-plets is needed in order
to properly break the symmetry and therefore obtain the required 15 Goldstone Bosons.
Once the scalar sector is determined, we focus on the analysis of the mass spectrum for
both scalar fields and gauge bosons. The couplings between light neutral scalars and gauge
bosons are also calculated , so the SM Higgs can be identified. The Yukawa Lagrangians
for the mass generation in the fermionic sector are presented. The study of mass generation
mechanisms for some ordinary fermions that remain massless at tree level is left to later work.
Keywords: Extensions of the Standard Model; Electroweak Interaction; Scalar Sector.
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Since the weak interaction violates parity, in any unification model involving both strong and
electroweak interaction, the invariance of the Lagrangian under the symmetry group requires
that all particles, both bosons and fermions, do not have a mass term in the Lagrangian.
The Higgs mechanism, which consists of adding scalar fields to the model, implements the
spontaneous symmetry breaking (SSB). As a result, except for the photon, all the particles
in the model acquire mass, either at tree-level or by some other mechanism (radiative correc-
tions, see-saw, for example). The remaining symmetry must be the actual symmetry of the
universe SU(3)c ⊗ U(1)Q, where SU(3)c is related to the strong interaction between quarks
and C refers to the “color charge”, while U(1)Q is related to electromagnetism and Q is the
electric charge.
The so called Standard Model (SM) has the symmetry group SU(3)c ⊗ SU(2)L ⊗ U(1)Y
and only one Higgs SU(2) doublet in the scalar sector, as explained in Chapter 1. This
model describes with very high accuracy several phenomena observed at the current par-
ticle accelerators, but leaves unanswered some fundamental questions (some of them are
detailed in Section 3.6). An alternative, in order to find answers to these questions, con-
sists in expanding the symmetry group. Several extensions of the SM have been explored in
the literature. Let’s consider two of them: the 3-3-1 [12–25] and the 3-4-1 extensions [26–34].
The scalar sector of the 3-3-1 models has been widely studied, and an important work to
minimize this sector is done in Ref. [21]. An alternative method to minimize this sector is
given in Ref. [25]. For the 3-4-1 model, however, a similar analysis has not been done yet.
In all the previous work, an scalar sector with a minimum of four Higgs 4-plets has been
proposed, which has the disadvantage of producing a very complicated scalar potential. This
fact precludes a study, both analytic and numeric, of the scalar mass spectrum and, conse-
quently, avoids also the study of interesting aspects of the phenomenological consequences
of the model.
In order to overcome these disadvantages, the aim of this work is to carry out a detailed
analysis of the scalar sector of the 3-4-1 extension and find a smaller set of Higgs fields needed
to properly break the symmetry and successfully give masses to all the particles excluding
the photon, in each one of the two types of 3-4-1 models described in Chapter 2. As it is
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shown in latter chapters, a set of three Higgs 4-plets successfully does the task.
This work is organized as follows. In the first Chapter, we briefly review the SM and its
challenges. In the second Chapter, we present an overview of the SU(3)c ⊗SU(4)L ⊗U(1)X
extension, including all possible three-family models without exotic electric charges. Finally,
in Chapters 3 and 4, we focus on finding a more economical scalar sector for type A and
type B models, respectively, and as a result of the scalar sector obtained, we also analyse the
mass spectrum not only for the scalars, but also for the gauge bosons. For the identification
of the lightest neutral scalar to be associated with the SM Higgs, the couplings with the SM




1.1 The Standard Model: an overview
In this Chapter we present a very brief overview of the Standard Model (SM). Pedagogical
and advanced treatments of the subject can be found in Refs. [1–4, 6–9].
The SM is based on the gauge principle according to which all the forces of nature are
mediated by the exchange of the gauge fields of the corresponding local symmetry group.
For the SM this group is
GSM ≡ SU(3)C ⊗ SU(2)L ⊗ U(1)Y ,
where the subscript C stands for “color”, the charge of the strong interaction between quarks;
the subscript L stands for “left”, indicating that the weak interaction violates parity and
hence only the left-handed fermions in the model belong to the fundamental representation
of SU(2)L, while right-handed components transform as singlets, and the subscript Y stands
for the weak hypercharge.
To include electromagnetism the hypercharge generator is defined by




where T3 is the third component of the weak-isospin and Q is the electric charge generator.
The local gauge group of the SM allows three coupling constants: gs for SU(3)C , g for
SU(2)L and g
′/2 for U(1)Y . The corresponding bosons of each group are, respectively,
Gαµ, α = 1, 2, ..., 8;
W iµ, i = 1, 2, 3;
Bµ
3
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Table 1.1: The particle content of the SM. The index a = 1, 2, 3 is the family index. Each
up-type quark ua and each down-type one da, carries also a strong charge which comes in
three “colors”: red, blue and green. The gluons Gαµ are also colored.























































The matter fields in the model are arranged in three families of spin 1/2 fermions (quarks
and leptons). Explicit mass terms for the fermions or gauge bosons are inconsistent with the
gauge symmetry and, consequently, the Lagrangian of the model cannot contain mass terms
for these fields. However, nature present us massive particles. The solution to this apparent
contradiction is to hide (or break) the gauge symmetry by means of the Higgs mechanism. To
this purpose a doublet of complex scalar fields φT = (φ+, φ0) is introduced. The Higgs field
φmust be a scalar in order to preserve Lorentz invariance after the gauge symmetry is broken.
The field content of the model is displayed in Table 1.1.
1.2 Higgs mechanism and masses
The complete Lagrangian of the model is made gauge invariant by writing all the kinetic




SU(2)L doublets), which is the gauge invariant extension of the ordinary partial derivative.
The four pieces of this Lagrangian are:
• The Higgs Lagrangian written as the sum of the kinetic term for the field φ, which
couples the Higgs field to the gauge bosons, and the Higgs potential which describes
the self-interactions of φ.
1.2. HIGGS MECHANISM AND MASSES 5
• The fermion (kinetic) Lagrangian, which couples the fermion fields to the gauge ones.
• The kinetic Lagrangian for the gauge fields.
• The gauge invariant Yukawa Lagrangian which couples the Higgs field to the fermion
fields.
The expectation value of the Higgs field at the minimum of the Higgs potential defines the
ground state (the vacuum) of the theory. Since the electric charge is a conserved quantity,
only the neutral component of φ is allowed to acquire a non-vanishing vacuum expecta-
tion value (VEV), 〈0|φ|0〉, so that the U(1)Q invariance of the vacuum is preserved. When
〈0|φ|0〉 6= 0, the Higgs potential has its minimum at 〈0|φ|0〉T = (0, v/
√
2), with arbitrary
argφ (the phase of the complex field) owing to the U(1) invariance of the Lagrangian. This
implies that we have an infinite number of degenerate vacua. The spontaneous symmetry
breaking SU(3)C ⊗ SU(2)L ⊗ U(1)Y −→ SU(3)C ⊗ U(1)Q occurs once a particular value of
argφ (a particular vacuum) is chosen. The simplest choice is argφ = 0.
As we will describe below, the spontaneous symmetry breaking (SSB) generates masses for
some of the fields in the model. This is the Higgs mechanism.








The Higgs potential give us a mass term for the physical neutral Higgs H(x) that cannot
be predicted by the model. However, replacing this Higgs field in the kinetic term of the
Lagrangian, where the covariant derivative had been used instead of the partial derivative,
we obtain a mass term for the charged boson W±µ = (W
1
µ ∓W 2µ )/
√
2 and a mass term that
mixes the gauge bosons W 3µ and Bµ. The mixing is parametrized through the weak mixing
angle θW . After diagonalization we are left with one more massive and neutral boson Z
0
µ
and a massless neutral field A0µ, which we identify as the photon.
Since the photon comes up massless, we are left with the U(1)Q symmetry of electromag-
netism. The SU(3)C non-abelian gauge symmetry remains unbroken and, consequently, the
eight gluons Gαµ remain massless.
Masses for fermions are generated from their couplings to the Higgs field in the Yukawa La-
grangian. These masses are proportional to arbitrary Yukawa coupling constants and hence
their values cannot be predicted from the theory. Notice that a right-handed component for
the neutrino is absent implying that this field is massless in the minimal version of the SM.
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1.3 Higgs couplings
In models with extended scalar sector, the couplings of the physical Higgs field to the massive
gauge bosons in the SM are useful to identify the neutral scalar field of the extended theory
associated to the one of the SM. The trilinear and quartic couplings of the SM Higgs with





















Up to now we have discussed the symmetries of the classical Lagrangian of the model. How-
ever, when quantum effects are taken into account, the classical symmetries can be violated;
one then says that there is an “anomaly”. Since the SU(2)L ⊗ U(1)Y model is chiral (that
is, distinguishes left from right), anomalies are unavoidable.
The gauge bosons couple to vector and axial-vector currents and there exist fermion loops
with three arbitrary gauge bosons in the external legs “triangle” diagrams). Any triangular
diagram involving one axial and two vector currents or three axial currents generates an
anomaly. However, what matters is not the value of a single Feynmann diagram, but the sum
of all possible contributions. For the SM it turns out that when one adds the contributions
coming from the leptons and from the Nc colors of quarks running in the triangle diagram,
one obtains
∑
(lepton anomaly +Nc × (quark anomaly)) = −1 +Nc/3
This implies that the SM is free of anomalies only if Nc = 3. This is just the right num-
ber of colors of QCD. So, the complete SM gauge theory based on the group GSM ≡
SU(3)c ⊗ SU(2)L ⊗ U(1)Y is free of anomalies and, therefore, renormalizable. Notice that
the number of families is not involved in this discussion.
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1.5 Challenges
The challenges of the SM can be analysed from two main perspectives: comparing the ex-
perimental results and the predictions of the model, or going deeper into the conceptual
framework and some fundamental questions. We will take this last approach.
On the conceptual side, the SM leaves many unanswered questions to be considered as a
complete description of the fundamental interactions. The following is a list of some of the
open questions in the SM:
• Number of free parameters: There are 19 free parameters in the model if neutrinos
are massless. How can this number of free parameters be reduced? We would like to
explain as much as possible with the least number of parameters.
• Unification: There is not a complete unification in the SM because the local gauge
group GSM has three factors and, therefore, three independent coupling constants.
Also there is a mysterious symmetry between quarks and leptons. Can the fundamental
interactions be regarded as different aspects of a single Grand Unified Theory (GUT)?
• Number of families and pattern of fermions masses: Two main features are
present in the pattern of fermion masses in the SM: (i) within each charge sector, the
masses of quarks (up, charmed, top, down, strange and bottom) and leptons (electron,
muon and tau) increase with family by large factors: mu << mc << mt; md <<
ms << mb; me << mµ << mτ ; (ii) within each family, the masses are quite different.
In particular, for the third family, we have: mτ ∼ mb << mt. These hierarchies do
not find explanation within the SM. What is the origin of this hierarchy? Why are
there three generations of quarks and leptons? Are the quarks and leptons elementary
particles or are they composite particles of more fundamental objects?
• Spontaneous Symmetry Breaking (SSB):
The breaking of the electroweak symmetry is inserted by hand in the model, rather
than being a consequence of the principles of the theory. This means that while the
SM can accommodate SSB, it does not explain its origin.
• Charge quantization:
The relation Q = T3 + (Y/2) gives the charges of quarks and leptons once the values
of the hypercharge Y are chosen. Why these rather special values? Equivalently, why
is the electric charge quantized?
• Parity violation:
Why is parity violated by the SU(2)L factor in GSM , that is, by the weak interaction,
while it remains conserved by the electromagnetic one?
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• Gravity:
Gravity is not included in the SM. General Relativity can be formulated as a classical
field theory, but attempts to quantize it yield to a non-renormalizable theory. Can we
unify gravity with the other interactions in such a way that the infinities arising in
different sectors cancel among themselves, obtaining a renormalizable theory?
• Dark Matter:
Dark matter (DM) is the most abundant form of matter in the Universe (> 90%
of the total mass). Its presence is felt only by gravitational effects and its nature
remains as one of the most important open questions in physics and astrophysics.
The only possible candidate for DM contained in the SM are neutrinos, but in the
minimal version of the model neutrinos are massless and hence do not experience the
gravitational force. Even if extended to include massive neutrinos, the SM still must
face the fact that, according to modern cosmology, light neutrinos cannot be the only
kind of DM in the universe.
• Neutrinos masses:
It is known that in the SM neutrinos remain massless after SSB. However, there is no
reason of principle that requires neutrinos to be massless. The Higgs doublet could
readily be invoked to generate masses if the right-handed neutrinos existed, and there-
fore the possibility for mixing in the lepton sector should be consider just as it happens
in the quark sector. The electron neutrino, for example, is defined to be the object
that couples to the electron via the charged weak current. Similarly, the muon neu-
trino connects to the muon while the tau neutrino connects to the tau. If neutrinos
get mass, there is no fundamental reason why these objects should describe physical
particles with a specified mass eigenstate: the flavor eigenstates νe, νµ and ντ would
be superpositions of the mass eigenstates.
One of the experimental tests that shows evidence of the neutrino masses is the neutrino
oscillation phenomenon. Suppose that initially a νe, which is a combination of some
mass eigenstates, is emitted. As time goes on, these components evolve differently so
that, after some time, the original beam has become a different combination of mass
eigenstates and might look somewhat like νµ or ντ and, therefore, interact with muon or
tau. The probability for this oscillation to happen depends on the so called “oscillation
lenght”, which is a function of the squared mass difference of the neutrino species as
well as their total energy.
Several different observations of neutrino oscillations have been made. Two of the
very first ones involve solar and cosmic ray neutrinos; more recently oscillations have
been observed using terrestrially produced neutrinos e.g., electron neutrinos from the
reactors in the Kamland experiment and muon neutrinos form accelerators in the K2K
experiment. The positive evidences for neutrino oscillations give two parameters : the
squared mass differences and the mixing angles in the lepton mixing matrix. Current
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best fit values of these parameters can be found in Ref. [10]
The scientific community agrees that, in order to answer these questions, the SM must be
extended. One can extend the SM by adding new fermion fields (adding a right-handed
neutrino constitutes its simplest extension), by extending the scalar sector to more than one
Higgs representation, or by increasing the local gauge group (introducing new global or local,
discrete or continuous symmetries). These extensions can occur simultaneously when the SM
is embeded in an underlying simple group (Grand Unification Theories (GUT)) or/and when
Supersymmetry (SUSY) is introduced.
In this direction, models based on a gauge symmetry SU(3)C ⊗ SU(3)L ⊗ U(1)Y (the 3-3-1
model) [12–25] or SU(3)C ⊗SU(4)L⊗U(1)Y (the 3-4-1 model) [26–34] have been previously
considered in the literature. These models share the important feature of addressing the
problem of the number of families Nf in nature, since the anomaly cancellation is achieved
only if there is an equal number of left-handed 3-plets and 3̄-plets (in the 3-3-1 extension), or
4-plets and 4̄-plets (in the 3-4-1 model), taking into account the color degree of freedom. As a
consequence, Nf must be divisible by the number of colors Nc of SU(3)c, being Nf = NC = 3
the simplest solution.
Chapter 2
The 3-4-1 extension of the SM
A systematic study of this SM extension has been carried out in Ref. [30]. Here, we are only
going to present the main features of the SU(3)C ⊗ SU(4)L ⊗ U(1)X models without exotic
electric charges, and its classification.
In the mentioned reference, an electroweak group SU(4)L ⊗ U(1)X ⊃ SU(3)L ⊗ U(1)Z ⊃
SU(2)L ⊗ U(1)Y is assumed. The left handed quarks (color triplets), left-handed leptons
(color singlets) and scalars, transform either under the 4 or the 4̄ fundamental representa-
tions of SU(4)L. As in the SM, SU(3)C is vectorlike.
In SU(4)L ⊗U(1)X , the most general expression for the electric charge generator is a linear
combination of the four diagonal generators of the gauge group







where TiL = λiL/2, with i = 1, 2..., 15, being λiL the Gell-Mann matrices for SU(4)L nor-
malized as Tr(λiλj) = 2δij , I4 = Dg(1, 1, 1, 1) is the diagonal 4 × 4 unit matrix, X is the
hypercharge associated to U(1)X and a, b and c are free parameters. The explicit values
for the Gell-Mann matrices can be found in Ref. [5]. The values of the parameters fix not
only the structure of the gauge boson sector, but also the electroweak charges of the scalar
sector. If we assume that the usual isospin SU(2)L of the SM, then a = 1 and we have just
a two-parameter set.
To fix the value of the remaining parameters, let’s study the gauge boson sector. There is
a total of 24 gauge bosons in the gauge group under consideration, 15 of them, denoted by
10
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The upper indices in Eq. 2.2 stand for the electric charge of the corresponding particle, some
of them functions of the b and c parameters as they should be.























































If we demand for gauge bosons with electric charges 0,±1 only, there are not more than four
different possibilities for the simultaneous values of b and c; they are: b = c = 1; b = c = −1;
b = 1, c = −2, and b = −1, c = 2. These four sets of values for b and c are necessary
and sufficient in order to exclude exotic electric charges in the fermion sector too. A further
analysis also shows that models with b = c = −1 are equivalent, via charge conjugation, to
models with b = c = 1. Similarly, models with b = −1, c = 2 are equivalent to models with
b = 1, c = −2. So, with the constraints imposed, we have only two different sets of models:
those for b = c = 1 and those for b = 1, c = −2.





2U(1)X and [U(1)X ]
3. All these cases will be anal-
ysed in the two types of models.
2.1 Model A : b = c = 1
Let us start by defining the following complete sets of spin 1/2 Weyl spinors (complete in
the sense that each set contains its own charged antiparticles)
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3 −9/16 −27/16 21/16 −15/16 15/16 −21/16
[SU(4)L]
2U(1)X −1/4 5/4 −3/4 1/4 −1/4 3/4
[SU(4)L]
3 3 −3 1 1 −1 −1








• Sl3 = {(ν0e , e−, E−, E ′−)L ∼ [1, 4,−34 ], e
+
L ∼ [1, 1, 1], E+L ∼ [1, 1, 1], E ′+L ∼ [1, 1, 1]}.
• Sl4 = {(E+, N01 , N02 , N03 )L ∼ [1, 4, 14 ], E
−
L ∼ [1, 1,−1]}.
• Sl5 = {(e−, ν0e , N0, N ′0)L ∼ [1, 4̄,−14 ], e
+
L ∼ [1, 1, 1]}.
• Sl6 = {(N0, E+1 , E+2 , E+3 )L ∼ [1, 4̄, 34 ], E
−
1L ∼ [1, 1,−1], E−2L ∼ [1, 1,−1], E−3L ∼
[1, 1,−1]}.




tomatically vanish. The values of the remaining anomalies are given in Table 2.1.
From this table several anomaly free models can be constructed. There are two three-family
structures
• Model A1 = 2Sq1 ⊕ Sq2 ⊕ 3Sl5.
• Model A2 = Sq1 ⊕ 2Sq2 ⊕ 3Sl3.
Model A1 is known in the literature as “Model A” and has been analysed in Ref. [31]. Model
A2 is known as “Model B” and has been studied in Ref. [33]
2.2 Model B: b = 1 and c = −2
As in the previous case, let us define the following complete sets of spin 1/2 Weyl spinors
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3 −3/2 −3/2 3/2 3/2 −3/2 −3/2
[SU(4)L]
2U(1)X 1/2 1/2 −1/2 −1/2 1/2 1/2
[SU(4)L]
3 3 −3 1 −1 1 −1




• S ′l3 = {(ν0e , e−, E−, N0)L ∼ [1, 4,−12 ], e
+
L ∼ [1, 1, 1], E+L ∼ [1, 1, 1]}.
• S ′l4 = {(e−, ν0e , N0, E−)L ∼ [1, 4̄,−12 ], e
+
L ∼ [1, 1, 1], E+L ∼ [1, 1, 1]}.
• S ′l5 = {(E+, N01 , N02 , e+)L ∼ [1, 4, 12 ], E
−
L ∼ [1, 1,−1], e−L ∼ [1, 1,−1]}.
• S ′l6 = {(N03 , E+, e+, N04 )L ∼ [1, 4̄, 12 ], E
−
L ∼ [1, 1,−1], e−L ∼ [1, 1,−1]}.
For these sets the anomalies [grav]2U(1)X , [SU(3)C ]
3 and [SU(3)C ]
2U(1)X vanish. The
other anomalies are given in Table 2.2.
We find two three family structures which are
• Model B1 = 2S ′q1 ⊕ S ′q2 ⊕ 3S ′l4 .
• Model B2 = S ′q1 ⊕ 2S ′q2 ⊕ 3S ′l3 .
These two models are known as “Model E” and “Model F”, and they have been explored in
Refs. [32] and [34], respectively.
Chapter 3
Model A with a more economical
scalar sector
As mentioned in the last two chapters, there are two main classes of 3-4-1 models that do
not contain exotic electric charges. For the first one, which we will call Model A, the electric
charge generator has the parameter values b = c = 1. In Refs. [31] and [33] a partial analysis
of this type of models is done. Ref. [31] uses a set of three Higgs 4-plets in order to break the
symmetry, while in Ref. [33] the scalar sector contains four Higgs 4-plets. In both cases, each
scalar 4-plet acquires VEV only in one of their neutral components and so, some degree of
arbitrariness is left open to question. Moreover, with four Higgs 4-plets the scalar potential
is considerably difficult to analyse, both analytical and/or numerically. So, our main goal
will be to search for a consistent model reducing, as much as possible, the amount of scalars
required to properly break the symmetry and to explore also the possibility of reducing the
arbitrariness in the selection of the neutral components acquiring VEV. This will enable us,
for the first time in the context of 3-4-1 models, to do a complete study of the mass spectrum
in the scalar sector.
3.1 Scalar sector
After the proposal of a minimal set of Higgs 4-plets, the first step to analyse the viability
of the model is to construct the scalar potential, study the subsequent mass matrices for
both the neutral and charged scalars and, finally, determine if there exist the required 15
Goldstone bosons that will be “swallowed” by the 15 physical gauge bosons in the model.
3.1.1 First attempt: two Higgs 4-plets
Let us start with a scalar sector containing the minimal number of Higgs 4-plets. An inspec-
tion of the lepton 4-plets in Sec. 2.1 allows to identify the following two Higgs 4-plets with
non-zero VEV in all their neutral components
14
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The most general scalar potential invariant under the SU(3)C⊗SU(4)L⊗U(1)X symmetry is














Expanding the terms of this potential we can determine the three mass matrices: CPeven
(constructed from the real part of the neutral fields), CPodd (constructed from the imaginary
part of the neutral fields), and the one for the charged fields. For each mass matrix we
calculate the null space giving us a total number of 12 Goldstone Bosons, which implies that
the minimal choice is not enough to give mass to all the gauge bosons. We need at least an
extra scalar 4-plet to accomplish our task.
3.1.2 Model A with three Higgs scalars
There are several options to choose the three Higgs 4-plets and assign the proper quantum
numbers and VEVs. Here, we present one of them, which was successful.
The scalar sector is now composed by the following three 4-plets
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where u < v < V < U .




















Now, the most general potential, invariant under 3-4-1 transformations, is
V (Φ,Ψ,Θ) = µ21(Φ
†Φ) + µ22(Ψ
†Ψ) + µ23(Θ
†Θ) + Re{µ24(Ψ†Θ)}+ α1(Φ†Φ)2 + α2(Ψ†Ψ)2
+α3(Θ
†Θ)2 + Re{α4(Ψ†Θ)2}+ α5(Φ†Φ)(Ψ†Ψ) + α6(Φ†Φ)(Θ†Θ)
+α7(Ψ







Requiring that in the shifted potential V (Φ,Ψ,Θ) the linear terms in the fields must be
absent, we get the following constraints which permit to find a stationary point.
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µ21 + 2u
2α1 + (v
2 + V 2)α5 + U
2α6 = 0;
µ22 + 2(v






2 + V 2)α7 = 0;
µ24 + u
2α11 + (v
2 + V 2)α12 + U
2α13 = 0 (3.5)
Now we are interested in calculating the value of the scalar potential in this stationary point.
Using Eqs. (3.5) and evaluating V (Φ,Ψ,Θ), in Eq. (3.4), as if the strength of all fields was
zero, we find
Vstat = −u4α1 − (v2 + V 2)2α2 − U4α3 − u2(v2 + V 2)α5 − u2U2α6 − U2(v2 + V 2)α7 (3.6)
This suggests that taking all the constants involved in Vstat as positive would be the preferred
option to get the lowest value for Vstat.
Let’s now turn our attention into the Goldstone bosons. Expanding all the terms in Eq. (3.4)
we obtain constant terms, which help us to calculate the value in the stationary point of
the potential; first order terms in the fields, from which we can get some constraints on the
constants to simplify our calculations, and the second order terms to construct the squared
mass matrices.
So, we get:
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0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 −U2 vU UV 0
0 0 0 vU −v2 −vV 0
0 0 0 UV −vV −V 2 0




















































































For each one of these matrices we calculate the null space. For the CPeven scalars we get a
null space containing 3 vectors, for the CPodd scalars the null space is 6-dimensional, and
for the charged sector we get a 3-dimensional null space (equivalent to 6 Goldstone bosons).
This implies that we have the necessary 15 Goldstone bosons and therefore the model, so
far, is a viable one.
It is important to notice that for this model it is possible to take v = 0 for the VEV of the
upper neutral component of the field Ψ without spoiling the fact of having the required 15
Goldstone bosons. This fact will be useful in order to simplify the mixing in the gauge boson
sector but at the price of leaving massless some additional fermionic particles.
3.2 Spectrum in the Scalar sector
The next step is to analyse the mass spectrum in each scalar sector: neutral and charged,
which implies finding the eigenvalues and eigenvectors for each mass matrix.
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3.2.1 CPeven
It is not possible to find analytically the eigenvalues and eigenvectors for the CPeven matrix,
not even using the Mathematica software. We should find then an alternative method. But
first, let’s simplify the CPeven matrix by extracting the Goldstone bosons.
Using the vectors belonging to the null space, dully normalized, we can construct a new
orthogonal basis, that will allows us to identify the new mixing matrix. This basis, in terms





































0 0 0 0




























The transformation for the CPeven matrix is, as usual, (B)(CPeven)(B)T . We can now work





















































s2(uα11 + Uα13) u





s1(uα5 − Uα7) 12√2
√












where s1 = v
2 + V 2 and s2 = v
2 + V 2 + U2.
We have narrowed our problem to a 4× 4 matrix, but still have the same issue: this matrix
cannot be diagonalize analytically either. The proposed method is perturbation theory.
Let’s define p = V/U , q = u/U and r = v/V . Using perturbation theory up to the second
order and selecting only the terms up to second order in p, q, r and/or any of their products,
we get four physical fields with a squared mass given by



































2 + V 2)α27
α3
− (v
2 + V 2 + U2)α213







(v2 + V 2 + U2)(α4 + α10) +
u2α211 + (v
2 + V 2)α212
α4 + α10
+
(v2 + V 2 + U2)α213
−4α3 + α4 + α10
]
(3.7)
The light field H1 can be expressed in terms of the original fields as follows





















We only have one scalar with a light squared mass, H1. Such scalar is the candidate to
match the Higgs field of the SM. However, we still have to calculate the couplings and see if
they can be reduced to those of the SM at the proper energy scale.
3.2.2 CPodd
For the CPodd matrix is possible to find the eigenvalues and eigenvectors analytically. Using
the eigenvectors to construct the transformation matrix, we find that the physical fields are








































0 0 0 0 0 0 1










0 0 1 0 0 0 0
0 1 0 0 0 0 0
1 0 0 0 0 0 0














































The only non-zero squared mass has a value of 1
2
(v2+V 2+U2)(α10−α4) and it is associated
to the field I7. This implies the condition α10 − α4 > 0. Notice that I7 is mainly an SU(2)
singlet and, therefore, should have very weak couplings with the SM fields. This opens the
possibility for I7 to be a candidate to Dark Matter in the Universe.
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3.2.3 Charged Scalars
For the charged scalars is also possible to find the eigenvalues and eigenvector analytically.
In this case, we get two physical fields that have a non-zero squared masses. In terms of the
weak basis, these fields are



































((u2 + v2 + V 2)α8 − (u2 + U2)α9)2 + (u2 + U2)(u2 + v2 + V 2)α214





(u2 + v2 + V 2)α8 + (u
2 + U2)α9 ± s3
]
(3.11)
Eq. (3.11) implies that (u2 + v2 + V 2)α8 + (u
2 + U2)α9 ± s3 > 0.
3.3 Spectrum in the Gauge Boson Sector
Since all our three Higgs 4-plets transform under the 4∗ representation, the covariant deriva-
tive is given by





where g4 and gX are the SU(4)L and U(1)X gauge coupling constants, respectively.
Recall that for Model A we have b = c = 1 and, therefore, from Eq. (2.2)
















































4 have been previously defined in Chapter 2. The upper indices
in the gauge bosons in the former expression stand for the electric charge of the corresponding
particle.
3.3.1 The charged gauge boson sector
After the symmetry breaking, for the charged gauge bosons we have





• There is a mixing between W± and K±. The new gauge bosons are related to the
latter by
1√














v2+V 2), respectively. Notice however that, as previously mentioned , in the case v = 0
the W −K mixing, and its consequences on the ρ parameter, disappears and we still
have a light W± and a heavy K±.
3.3.2 The neutral gauge boson sector
For the neutral gauge boson sector, we have:
• There is a mixing between V 0 and Y 0, being the transformation matrix the same as








(v2 + V 2 + U2). Also, in this case, the mixing can be avoided by taking v = 0.




(v2 + V 2).
• The real part of K0, which we will call (K0)R, mixes with B, A3, A8 and A15. We will
deal with this mixing in the next section.
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3.3.3 Finding the photon and the physical Z ′s
As stated above, there is a mixing between (K0)R and the fields appearing in the diagonal
of the matrix involved in the covariant derivative. The mixing matrix, however, can be
modified and get a smaller matrix to work on. Using the charge operator or the null space,
one can find the proper linear combination in terms of the basis {B,A3, A8, A15, (K0)R } to
express the photon field Aµ. Once we have the expression for the photon, one can identify a
pattern like
A = SWA3 + CWY
where SW and CW stand for sin θW and cos θW , the sine and cosine of the electroweak mixing
angle; and Y is a lineal combination of A8, A15 and B.
An orthogonal vector to A will be
Z = CWA3 − SWY
Using only the projection of Y in the A8, A15 plane, one can construct the orthogonal
vector to this projection. This will be Z ′′. Finally, one can construct one last vector Z ′ us-
ing the orthogonality equations between Z ′ and A, Z and Z ′′, and demanding normalization.
We have constructed a new orthogonal basis {A,Z, Z ′, Z ′′, (K0)R } in terms of the original






































































and δ = gX
g4
.
Using this matrix, the photon is extracted with a zero eigenvalue as expected, since we need
it to be massless. The remaining mixing matrix, in the new basis {Z,Z ′, Z ′′, (K0)R }, is
given by

















(u2 + v2) sec2 θW
























































This matrix cannot be diagonalized directly so, as in the case of the CPeven matrix, we use
perturbation theory. In this case we go up to second order and select, once again, the terms
up to second order in p,q,r and/or their products.





























(2u2 + 6U2 + v2 + V 2 + 8U2 cos 2θW + (4U
2 + V 2 + v2) cos 4θW ) sec
4 θW
6− 5 tan2 θW + tan4 θW
]
(3.14)
In this case, the neutral boson with the smallest squared mass is Z3 and we identified this
field as the candidate to match the Z field of the SM. However, we still have to calculate
the couplings and analyse if they reduce to the ones of the SM at the proper energy level.
In terms of the original fields, Z3 is given by








































In Model A there is only one light Higgs scalar H1. Let us now show that in the limit
U ∼ V  u ∼ v its couplings with the gauge bosons W ′± and Z3 match the ones obtained
in the SM.
When the algebra gets down, we get the following trilinear couplings:













2 − v2C2W )









The quartic couplings are given by










16U2C2W (1 + C2W )
2








As can be seen, in the limit U ∼ V  u ∼ v these couplings coincide with those in the SM.
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3.5 Fermion masses
For Model A, using the femionic sector denoted as A2, the most general Yukawa Lagrangian













































and for down-type quarks we get


































3L) + h.c., (3.19)
where C is the charge conjugation operator and the h’s are the Yukawa couplings.



















βL) + h.c. (3.20)
It is an easy task to check that these Lagrangians produce mass matrices with dimension
7 × 7 for up-type quarks, 5 × 5 for down-type quarks and 9 × 9 for charged leptons, all of
them with non-zero entries. Looking at MuM
†
u, we find that the null space for this matrix
is 3-dimensional. In the case of MdM
†




This means that, for model A, 3 up-type quarks, 2 down-type quarks and 6 charged lepton
remain massless. The diagonalization of these mass matrices, clearly, is not so direct and
requires additional assumptions. This issue, however, is out of the purpose of this work.
Notice that neutrinos remain massless at tree-level. The problem of neutrino mass generation
will be studied elsewhere.
3.6 Comments on the α′s
From the calculations presented in this chapter, we have some constraints on the α′s, the
initially arbitrary constants introduced in the scalar potential [Eq. (3.4)]. Let’s recall what
we have so far:
3.6. COMMENTS ON THE α′S 27
• From the value of the scalar potential at the stationary point [Eq. (3.6)], taking α1,
α2, α3, α5, α6 and α7 as positive would be the preferred option to get the lowest value
of Vstat.
• From the CPeven matrix, the masses in Eqs. (3.7) must be positive and, therefore, all
the expressions between square brackets must positive.
• From the squared mass of the physical CPodd scalar, α10 − α4 > 0.
• From the squared masses of the charged scalars, (u2+v2+V 2)α8+(u2+U2)α9±s3 > 0.
Chapter 4
Model B with a more economical
scalar sector
Now we move forward to the second type of 3-4-1 models, those with b = 1 and c = −2.
Refs. [32] and [34] present a complete analysis of this type of models using four Higgs 4-plets
in the scalar sector, each one acquiring a non-zero vacuum expected value (VEV) only in one
of the components. Just as we did in Chapter 3, our goal is to achieve a consistent model
reducing the amount of scalars required to properly break the symmetry. The procedure is
very similar to the one followed for Model A, so some of the details will be omitted here to
avoid repetition.
4.1 Scalar potential and Goldstone bosons
The first step, as usual, is to find a proper scalar sector with the correct amount of Goldstone
Bosons.
4.1.1 First attempt: two Higgs 4-plets
The scalar sector is constructed using the following two Higgs 4-pletes:
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The most general scalar potential, invariant under the SU(3)C⊗SU(4)L⊗U(1)X gauge group,
is














Calculating the null space for the CPeven, CPodd and Charged matrices, we get a total of
12 Goldstone Boson. We need to expand the scalar sector in order to get the 15 Goldstone
bosons we need.
4.1.2 Model B with three Higgs scalars
As for model B, there are several options to construct the three Scalar Higgses and assign
the proper quantum numbers and VEVs. Here, we present one of them, which was successful.
The scalar sector is now composed by the three 4-plets:





















































































(φr + iφi), φ






ψ = v +
1√
2
(ψr + iψi), θ
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The most general potential that is invariant under 3-4-1 transformations is given by




















Requiring that in the shifted potential V (Φ,Ψ,Θ) the linear terms in the fields must be
absent, we get the following constraints for the potential at the stationary point
µ21 + 2(u









2 + U2)α5 + v
2α6 = 0
µ24 + (u
2 + U2)α11 + v
2α12 + V
2α13 = 0 (4.5)
Now we are interested in calculating the value of the scalar potential at the stationary point.
Using Eqs. (4.5) and evaluating V (Φ,Ψ,Θ), in Eq. (4.4), as if the strength of all fields was
zero, we find
Vstat = −(u2 + U2)2α1 − v4α2 − V 4α3 − v2(u2 + U2)α4 − V 2(u2 + U2)α5 − v2V 2α6 (4.6)
This suggests that taking the constants involved in Vstat as positive would be the preferred
option to get the lowest value for Vstat.
Let’s now turn our attention into the Goldstone bosons. Constructing the matrices for
CPeven, CPodd and the charged scalars as explained in Chapter 3, we get:
CP-even scalars: Basis{φr, φ′r, ψr, ψ′r, θr, θ′r }






















































V 2(α9 + α10)
1
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0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 V 2 −vV 0
0 0 0 −vV v2 0













































































































For each one of these matrices we calculate the null space. For the CPeven scalars we get a
null space composed by 2 vectors, for the CPodd scalars the null space is 5-dimensional, and
for the charged sector we get a 4-dimensional null space (equivalent to 8 Goldstone bosons).
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This implies that we have the necessary 15 Goldstone Bosones and therefore the model, so
far, is a viable one.
It is important to notice that for this model it is possible to take u = 0 for the VEV of the
upper neutral component of the field Φ without spoiling the fact of having the required 15
Goldstone bosons. This fact will be useful in order to simplify the mixing in the charged
gauge boson sector but at the price of leaving massless some additional fermionic particles.
4.2 Spectrum in the Scalar sector
Let’s find the eigenvalues and eigenvectors for each matrix, so we can analyse the mass
spectrum in each sector.
4.2.1 CPeven
It is not possible to find analytically the eigenvalues and eigenvectors for the CPeven matrix,
not even using Mathematica as a software. We should find then an alternative method. But
first, let’s simplify the CPeven matrix by extracting the Goldstone Bosones.
Using the vectors belonging to the null space, dully normalized, we can construct a new
orthogonal basis, that will allows us to identify the new mixing matrix. This basis, in terms
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The transformation for the CPeven matrix is, as usual, (B)(CPeven)(B)T . We can now work
on a much more friendly 4× 4 matrix for the mixing. In the new basis






















































v2α2 + V (V α3 + vα6) v









v2α2 + V (V α3 + vα6) v














We have narrowed our problem to a 4× 4 matrix, but still have the same issue: this matrix
cannot be diagonalize directly either. Once again, we will use perturbation theory.
Let’s define q = u/U and r = v/V . Using perturbation theory up to the second order and
selecting only the terms up to second order in q, r and/or any of their products, we get four















































α9 + α10 −
α213
α9 + α10 − 4α3
]
(4.7)
We have made the approximation U = V . In this case we only have one scalar with a light
squared mass, H1. Such scalar is the candidate to match the Higgs field of the SM. However,
we still have to calculate the couplings and see if they can be reduced to those of the SM at
the proper energy scale.







φ′r + ψr −
vα12
V (α9 + α10)
ψ′r −
v2α12





Notice that the largest component of H1 is in the direction of ψr, a member of an SU(2)
doublet as it should be in order to remain a candidate to match the SM Higgs field.
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4.2.2 CPodd
For the CPodd matrix is possible to find the eigenvalues and eigenvectors analytically. Using
the eigenvectors to construct the transformation matrix, we find that the physical fields are
































0 0 0 0 0 1





0 0 1 0 0 0
0 1 0 0 0 0
1 0 0 0 0 0




































The only non-zero squared mass belongs to I6 and has a value of
1
2
(v2+ V 2)(α9−α10). This
value imposes the constraint α9 > α10. It is worth to notice that I6 is mainly an SU(2)
singlet and, consequently, should have negligible couplings with the SM gauge bosons and
fermions. So, I6 could also satisfy the conditions to be a dark matter candidate.
4.2.3 Charged Scalars
For the charged scalars is also possible to find the eigenvalues and eigenvector analytically.
In this case, we get two physical fields that have a non-zero squared masses. In terms of the
weak basis, these fields are
C+1 =
v√




u2 + V 2 + U2
φ′+ +
u√








u2 + V 2 + U2
θ+ +
U√








u2 + V 2 + U2
φ′+ +
u√








u2 + V 2 + U2
θ+ +
U√




2(u2 + v2 + U2)α27 − 2α7(s+ (u2 + V 2 + U2)α8) + (u2 + V 2 + U2)α214
(−s+ (u2 + v2 + U2)α7 + (u2 + V 2 + U2)α8)α14
,
c2 =
2(u2 + v2 + U2)α27 + 2α7(s− (u2 + V 2 + U2)α8) + (u2 + V 2 + U2)α214





((u2 + v2 + U2)α7 − (u2 + V 2 + U2)α8)2 + (u2 + v2 + U2)(u2 + V 2 + U2)α14
4.3. SPECTRUM IN THE GAUGE BOSON SECTOR 35





(u2 + v2 + U2)α7 + (u
2 + V 2 + U2)α8 ∓ s
]
(4.11)
Eq. (4.11) implies that (u2 + v2 + U2)α7 + (u
2 + V 2 + U2)α8 ∓ s > 0.
4.3 Spectrum in the Gauge Boson Sector
Since all our 4-plets transform under 4∗, the covariant derivative we need is





where, again, g4 and gX are the SU(4)L and U(1)X gauge coupling constants, respectively.












































The upper indices in the gauge bosons in the former expression stand for the electric charge
of the corresponding particle.
4.3.1 The charged gauge boson sector
After the symmetry breaking, for the charged gauge bosons we have:
• There is a mixing between W± and V ±. The new gauge bosons, called W ′± and V ′±,
















Notice however that, as previously mentioned , in the case u = 0 the W − V mixing,
and its consequences on the ρ parameter, disappears and we still have a light W± and
a heavy V ±.
• There is also a mixing between K± and Y ±. The new gauge bosons can be found









(u2 + U2 + V 2), respectively. Also in this case, the mixing can
be avoided by taking u = 0.
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4.3.2 The neutral gauge boson sector
For the neutral gauge boson sector, we have:
• The K0 field decouples and its squared mass is g24
2
(v2 + V 2).





• The real part of X0, which we will call (X0)R, mixes with B, A3, A8 and A15. We will
deal with this mixing in the next section.
4.3.3 Finding the photon and the physical Z ′s
The method to find the eigenstates and eigenvectors for the mixing between B, A3, A8,
A15 and (X
0)R is the same as the one described for Model A. First, we find an orthogonal
transformation that allows the extraction of the photon, denoted by A. The new basis






















1− T 2W − 1√3
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where SW = δ/
√
2δ2 + 1 and δ = gX/g4.






























U2+V 2+(u2+v2) tan4 θW
2(1−tan2 θW )


















(u2 + v2 + V 2 + U2) 0





















This matrix cannot be diagonalized directly so we use perturbation theory, in this case up
to second order, and select once again the terms up to second order in p,q,r and/or their
products.
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4(v2 + V 2)− (3u2 + v2 + 2v2 cos 2θW ) sec4 θW









4(7u2 + U2) + 4(u2 + U2) cos 2θW + (u
2 + v2 + V 2 + U2) sec 2θW









U2 + u2(1− 32




In this case, only Z1 has a light squared mass and, therefore, is the candidate to be identified
as the neutral gauge field of the SM. However, we still have to calculate the couplings and
analyse if they reduce to the ones of the SM at the proper energy level. In terms of the
original fields, Z1 is given by





























2v2 + u2V 2 − 2u2V 2C2W )






In Model B there is only one light Higgs scalar H1. Let us now show that in the limit
U ∼ V  u ∼ v its couplings with the gauge bosons W ′± and Z1 match the ones obtained
in the SM.
When the algebra gets down, we get the following trilinear couplings:
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4(V 2 + v2)CW + 4V
2C3W +










The quartic couplings are given by





































As can be seen, in the limit U ∼ V  u ∼ v these couplings coincide with those in the SM.
Summarizing, from the couplings of the SM gauge bosons with the physical Higgs scalars we
can conclude, as anticipated before, that in Model B the scalar H1 can be identified with the
SM neutral Higgs particle, and that Z1 can be associated with the known neutral current of
the SM.
4.5 Fermion masses
As it has been done for Model A, here we also write, for the fermionic sector denoted as B2,
the most general Yukawa Lagrangian as LY = LQY + LlY = LuY + LdY + LlY . Then, for the



























αL) + h.c.. (4.18)
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and for the down quark sector


























αL) + h.c. (4.19)















βL) + h.c. (4.20)
In this case, these Lagrangians produce mass matrices all of them with dimension 6× 6 and






L, we find that each one has
a 3-dimensional null space. This means that, for model B, 3 up-type quarks, 3 down-type
quarks and 3 charged lepton remain massless. The diagonalization of these mass matrices,
once again, is not so direct and requires additional assumptions. As in the case of Model A,
also for this model neutrinos remain massless at three-level.
4.6 Comments on the α′s
From the calculations presented in this chapter, we have some constraints on the α′s, the
initially arbitrary constants introduced in the scalar potential in Eq. (4.4). Let’s recall what
we have:
• From Eq. (4.6), taking α1, α2, α3, α4, α5 and α6 as positive would be the preferred
option to get the lowest value of Vstat.













• From the squared mass of the physical CPodd scalar, α9 − α10 > 0.
• From the squared masses of the charged scalars, (u2+v2)α8+(u2+V 2+U2)α9∓s > 0.
Conclusions
In this work, we have explored in detail the scalar sector of three-family anomaly-free elec-
troweak models with SU(3)C⊗SU(4)L⊗U(1)X gauge symmetry that do not contain particles
with exotic electric charges. This type of models have been analysed before in Ref. [30],
where a general classification is presented to obtain a total set of four three-family models
without exotic electric charges, two of them for the parameter values b = c = 1 in the electric
charge generator and the remaining two for the values b = 1, c = −2. Furthermore, each
one of these models has been studied, as mentioned in Chapter 2, using a very complicated
scalar sector composed of four Higgs 4-plets and nonzero VEV only in one of the possible
directions in each scalar field (except in Ref. [31] where a set of three scalar 4-plets was used).
In our search for the most economical scalar sector for each type of models, the main goal
of this work, we started by setting two Higgs 4-plets, for which we can assign VEV in ev-
ery neutral direction. However, for both classes of 3-4-1 models, this minimal scalar sector
was not enough to properly break the symmetry (it doesn’t give the required 15 Goldstone
bosons) and, hence, we were forced to extend it to a set of three Higgs 4-plets. As shown
in Chapters 3 and 4, this is the minimal set allowing a consistent breaking of the 3-4-1
symmetry. With this new scalar sector, not all the neutral directions have a non-zero VEV,
and some arbitrariness is left open to question.
In both models, the Higgs field to be identified with the SM Higgs particle appears straight
forward and, in the proper limit, its couplings match those in the SM. Each model has also
only one massive CPodd scalar that could satisfy the conditions to be a candidate to Dark
Matter since, in both cases, it is mainly an SU(2) singlet. The situation for the charged
gauge sector presents mixing between W± and some other charged gauge boson, K± for
model A and V ± for model B, but, in both cases, the largest component of the lightest
physical field remains in the W± direction.
An additional simplification can be achieved by setting u = 0 or v = 0, but not simulta-
neously : one case implies an extra Goldstone Boson while the other one does not affect
the number of Goldstone bosons. For Model A, the possible simplification is v = 0 while
for model B the possibility is u = 0. In both models, such simplification has interesting




mixing with other charged gauge bosons without affecting the W± squared mass, and the
squared mass of the Z boson identified as the one of the SM remains positive as it should
be. The price we must pay is the existence of extra particles with zero mass at tree-level.
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